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THE RELATIONS OF GEOGRAPHY AND MATHEMATICS 
IN A WELL-EQUIPPED SECONDARY SCHOOL. 


By J. FAIRGRIEVE. 


I propose to consider adjustments which improve the teaching of 
two subjects that are related as are geography and mathematics. 
Obviously there is much in mathematics with which geography has no 
concern, and there is much in the geography course on which mathematics 
throws no light. But there is some material more or less common, and it 
is desirable to see in which department or by which master or mistress 
it should be introduced. 


(1) Work introduced in the geography course and continued or 
utilised in the mathematical course. 


(a) Angles. One of the difficulties in the introduction of angles is 
generally that two things have to be done at once. Pupils are asked 
to work with angles, to measure angles, and at the same time to learn 
to understand what an angle is. It is possible that a little care in the 
geography course could ensure that the pupils were clear as to the 
meaning of an angle before accurate work with angles was undertaken. 
One of the first geographical ideas to be introduced is that of direction, 
and of this the young people soon get accurate ideas. They know that 
north is exactly opposite south and that east and west are each exactly 
a half turn between the two. A boy points to the sun at midday 
(G.M.T.) to south as he thinks. He points to north in exactly the 
opposite direction. He turns half round and points to east or west. 
It does not matter whether or not he pointed at first exactly to south. 
He knows how much he has to turn in order to point in the other direc- 
tions. The boys and girls thus get a very good working knowledge of 
what a right angle is without knowing its name or being hampered 
by ideas of the lengths of lines bounding the angles. They can and do 
know in a similar way the intermediate directions such as N.E. If 
there is any doubt, practice can be given in the geography course far 
more effectively than in the mathematical course. Observations of 
wind directions emphasise these ideas. After a year or two of such 
incidental work more formal study might be inaugurated by the con- 
struction of a compass card, and by observations of the altitude of 
the sun with a simple form of anglemeter. The sides of a vertical 
wooden quadrant are 18 inches long. A fixed iron rod is placed hori- 
zontally on this, and another iron rod, free to turn round one end of the 
fixed one, has two thin brass pins 14 inches long projecting from it 
perpendicular to the plane of the quadrant and a foot apart. The two 
rods thus form the sides of an angle. It is obvious to any small boy 
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that when the shadows of the two pins coincide the moveable rod is 
pointing tothesun. In order to record the altitude it becomes necessary 
to divide the right angle into degrees, and at that stage the purely mathe- 
matical work with angles can be introduced with advantage. 

(6) Graphs. Graphical work may also be introduced in the geography 
course. The reading of a thermometer throughout the day gives a 
continuous curve the meaning of which is made plain by actually 
drawing thermometers at the times of observation. Later, a real 
graph, such as those used to plot rainfall statistics, may be used to 
introduce ideas which will prove useful in the study of the calculus. 
In both these cases there is no need that the mathematical work should 
follow immediately on the geographical. All that is necessary is that 
the geographical work should: have been done some time previously. 

(c) Miscellaneous. Many problems which utilise geographical material 
may be set for solution in the mathematical course. The only caution 
that requires to be given is that care should be taken to avoid un- 
natural types of questions. The problems should deal with real things. 
Otherwise not only does the mathematics lose in value, but there is a 
suggestion that the geographical work does not concern itself with 
realities. With this proviso much may be made of geographical material, 
e.g. areas may be studied by comparing the areas of Anglesey and the 
Isle of Man drawn on the same scale. 

(2) Work introduced in the mathematical course and continued 
or utilised in the geography course. 

(a) Arithmetic. In the mathematical course accuracy, however 
much insisted on, is never perfect. The reason for the accuracy is in 
fact absent. But it often happens that in the geography course a 
considerable number of simple calculations require to be made in pre- 
paring to construct maps from statistics. In these calculations, however 
simple the actual work may be, it is essential that there should be 
perfect accuracy on the part of every member of the class. That is 
to say, this arithmetic is better taught in the geography room or in the 
science laboratory than in the mathematical class-room. Pupils see 
in the same way that contracted methods do, in fact, save time. 

(6) Maps. All the ideas on which the construction of maps is based 
are fundamentally geometrical. The making of the precise map of 
any small area is practical geometry rather than geography. The same 
may be said of the insertion of contour lines on maps by means of 
a simple water-level. It is interesting and instructive to compare 
the different methods of fixing the positions of points as regards the 
accuracy obtained. It is then realised that the use of angles is a make- 
shift, and that direct measurement of lengths gives the more accurate 
result where the method is possible, only it is not always possible. 
At this point, just as the study of angles begun in the geography course 
is handed over to the mathematical master so the mathematical work 
with accurate large scale maps is handed over to the geography master 
in order that it may be developed.* The consideration of projections 
also may be taken up first by the mathematician. In this case, however, 
he cannot be expected to complete the discussion, for networks of latitude 
and longitude very suitable for mathematical work are not suitable 
for geographical work and vice versd. The geographer must take up 
the matter and complete it for his own purposes. Unless the pre- 
liminary work is done for him, however, it is extremely difficult to find 
time to discuss the subject at all. 

It is by correlations of this kind that time is saved and school made 
broader and fuller. 


* Qualitative work with maps should, of course, be done by the geography master 
quite at the beginning of the geography course. 
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THE GRAPHICAL TREATMENT OF DIFFERENTIAL 
EQUATIONS. 
By Dr. 8S. Bropetsxy. 
(Continued from p. 382, Oct. 1919.) 

5. We shall now apply this method to a few typical cases. 

(i) The equation Y,=z* 
gives Yo = 2x + 2y(x? + y?). 
Hence, y, is always positive ; y, vanishes along the curve 

r?= 6, 


in which x=rcos 0,y=rsin 6. Hence, in Fig. 5(a), the curves have the 
form ) above the dashed curve (the locus of inflexion), and ( below this curve. 


5 (a). 


Putting in a few directions of tangents, we can then readily construct the 
family of curves as in Fig. 5 (6). 


This equation is one that cannot be integrated by any of the standard 
forms. 
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TREATMENT OF DIFFERENTIAL EQUATIONS. 


(ii) If we take the equation y,=a%+e", 


we get y, =0 on the curve y=log,( —~), the dotted curve in Fig. 6 (a); also 


so that the inflexion locus is x= -2 cosh y, the dashed curve. There result 
the general forms shown. With some directions of tangents, we obtain the 
curves in Fig. 6 (b). It seems fairly clear that the upper branch of the 
inflexion locus is a curvilinear asymptote for all the curves of the family. This 
equation can, as a matter of fact, be reduced to the form of a linear differential 
equation of the first order. But the resulting integrations cannot be carried 
out, and so the analytical integration is practically useless. 


Fic. 6 (0). 


(iii) The same applies to the equation y,=y*-ay. The anclytical solution 
: ew possible, but actually of no use. The geometrical process is_as 
‘ollows : 
y,=0 along the lines y=0, z=y; 


the latter is dotted in Fig. 7 (a). We also have 
+(2y -2)(y* zy) =y[(y -2)(2y -2) - 1], 
so that the inflexion locus consists of the line y =0, and the hyperbola 
(x -2y) =1. 
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The hyperbola is shown dashed in Fig. 7 (a). But the fact that, along the line 
y=0, we have y,=y,=0, at once shows that along this line all differential 
coefficients of y vanish, so that in fact y=0 is itself a solution. It is clear 
that y=0 is also an asymptote at both ends for all the curves. There are 
two limiting curves which approach asymptotically the line y=, above at 
the oe end, below at the negative end. The family of curves are drawn 
in Fig. 7 (6). 


(iv) An interesting case is y,=a+y. We get 


Fic. 8 (a). 


We readily deduce the general forms shown in Fig. 8 (a) ; but the line 


is actually a straight line solution, since the value of dy/dx for points on this 
line is —1, and this isthe direction of the line itself. This line is also an 
asymptote. 
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The graphical solution is thus as in Fig. 8 (b). The analytical solution 
is easily found to be 
y+x+1=Ce*, 


o 
Fic. 8 (0). 


where C is an arbitrary constant. It is readily verified that 8 (b) agrees with 
this analytical result. 
(To be continued.) 


GLEANINGS FAR AND NEAR. 


34. In the beginning of every science comes the difficulty of understanding 
why some apparently self-evident things are proved, and others not. We... 
recommend the student to enquire, if he has never thought of it, why Euclid 
shows how to cut off a part equal to the less from the greater of two given 
straight lines, when he does not prove that a straight line can be drawn.—De 
Morgan, Diff. and Integral Calculus (1842), n.p., 54. 

35. The term remainder being constantly used in connexion with sub- 
traction, and the word ‘rest,’ answering to the French reste, being of too 
general signification in our language, I have borrowed this phrase [REMNANT] 
to signify what is left of a series, when a certain number of its leading terms 
is removed. Thus, in a—b+c-—e+. e+f—... rs etc. is the remnant 
after c.—De Morgan, Diff. and Integral Calculus, n.p., 223 
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RATIO AND PROPORTION. 
D. K. M.A. 


TE section on ‘ Ratio, Proportion and Variation” in the text-books is by 

far the least satisfactory part of the standard course of Algebra. And it is 

probably regarded by many readers of these books as of no particular impor- 

tance. But, when seen in the right perspective and given proper treatment, 

this part of the subject may fairly be regarded as the most far-reaching in 

importance—a contention for which the reasons will appear in the following 
ges. 

It is, however, true that Ratio and Proportion have almost no purely 
algebraic significance ; and it is this that accounts for the defectiveness of the 
current treatment. Everything of algebraic importance arrived at under these 
heads could be dealt with quite apart from the conception of Ratio—and, 
from the point of view of algebraic theory, much better so. And “ Variation ”’ 
so-called, is not-—what it ought to be, with such a name, in modern mathe- 
matical books—an introduction to the theory of functional variation ; nor 
is the subject so named chiefly significant in its relationship to that general 
theory. The name is merely a survival from the days when the term vary 
had its chief mathematical use in the phrase “ vary as”. The importance of 
the theory in which it was so used can hardly be over-estimated (as has already 
been stated); but to that theory the appropriate equivalent phrase is 
“proportional to”; there is no need to overburden the term vary, upon 
which the whole structure of modern mathematical analysis may be said 
to rest. 

The treatment of Ratio and Proportion in Geometry text-books generally 
does little more than reproduce part of the defective Algebraic treatment ; it 
is, again, the most unsatisfactory part of the course of Geometry—at any rate 
in the elementary books. 

The essential point requiring emphasis is that this theory of Ratio, Pro- 
portion and Variation is neither Algebra nor Geometry. It is the vital 
connecting-link between Algebra and the whole great modern theory of 
Dynamical and Physical Science (which, of course, includes elementary 
Geometry). It ought to be treated as such in a course in Algebra; and the 
following paragraphs are designed to indicate how the current treatment may 
be adapted to this end. 

1. The distinction between numbers, on the one hand, and physical quantities, 
on the other, must be insisted upon. The failure to observe this distinction 
with any degree of care is the root of much needless difficulty, obscurity and 
inaccuracy in Physical Science. 

The fact of the existence of quantities of a very great variety of different 
kinds should be demonstrated by as many familiar instances as possible: a 
return, hut with much greater depth and richness of meaning, to the Euclidean 
treatment of ‘* Magnitude ”’. 

The business of ordinary Algebra is with Number—not so much a particular, 
as a special, type of quantity. And the theory of Ratio and Proportion is the 
means by which numbers—and algebraic methods—are applied to the facts 
and phenomena of Physical Science. 

2. (i) The sole difference between two quantities of the same kind is expressed 
by the statement that one is “greater than” the other. (It is the intuitive 
application of the comparatives ‘* greater” and “less” to a great variety of 
different phenomena that implies recognition of the different “kinds of 
magnitude’”’). For any two such quantities there exists a third, also of the 
same kind, which is called their “* difference ”’—-the quantity by which the 
one is greater than the other; the “sum” of this quantity and the lesser of 
the original quantities is equal to the greater. And any two quantities of the 
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same kind have a “‘ sum ”’, which is another quantity of the same kind “ greater 
than ”’ either. 

(ii) From the conception of Addition and Subtraction, thus indicated, we 
pass to (integral) ‘‘ multiples” of a given quantity P. These are represented 
by n.P (not P.n), if m denote the representative integral number. Thence 
to ‘“‘sub-multiples”’, represented by P/n; and so, again, to multiples of sub- 
multiples, represented by m.(P/n); and as this latter expression is easily 
shown to be equivalent to (m.P)/n, the expression (m/n).P is defined to 
mean the quantity, of the same kind as P, expressible in either of these ways. 

(iii) Proceeding on this basis, if two quantities P,Q of the same kind be 
such that P=n.Q, the integral number n is called “‘ the ratio of P to Q”’ and 
denoted by P:Q. So, again, if P=(m/n).Q the rational number m/n is 
called the ratio of P to Q; and it is then easy to prove that the reciprocal 
rational number n/m is the ratio of Q to P. 

But, conversely, if P, Q be any two quantities of the same kind, it is not 
necessarily the case that either is a multiple, or a multiple of a sub-multiple, 
of the other. We can then, however, separate the quantities represented by 
(m/n).Q into two classes, with reference to P—the class of those which are 
less than P and the class of those which are greater than P—and so obtain a 
separation of the rational number (represented by m/n), which serves to specify 
an irrational number a. This irrational number is then properly defined to 
be the ratio of P toQ; so that P=a.Q@ and a=P:Q. And the irrational 
number a’ which is similarly the ratio of Q to P is such that a.a’=1. 

(iv) It follows that any two quantities P, Q of the same kind determine a 
pair of reciprocal real numbers r, r’ called respectively the ratio of P to Q and 
the ratio of Q to P; and the relationship of these numbers r, r’ to the quantities 
P, Q (which are “ot, in general, numbers) is expressible in the various equivalent 
forms 1 1 
P=r.Q, r=P:Q, Q=r.P=".P, 


There is a very obvious practical value in the scientific economy of using 
the notation P/Q instead of P:Q—as is generally done. But like many 
another important scientific practice it gets introduced too early in the educa- 
tional process. The evil too readily results that all the symbols come to 
be regarded as of the purely algebraic (number) type. and are only not 
so regarded when commonsense absolutely forbids. Free manipulation 
according to the laws of Algebra is accepted as a matter of course: whereas, in 
fact, such an “‘algebraic”’ consequence of the above relation as 1/Q=r/P is 
actually meaningless, and such expressions as P?, Q are likewise meaningless 
except in certain particular cases in which a specific use has been defined. 
It will probably be recognised that it is this confusion of algebraic with physical 
quantities that is the thing fundamentally wrong with the stock treatments 
of Ratio and Proportion ;* and that the disposition to use such forms as 


in Geometry, and 1/AP +1/AQ=2/AC 
in Geometrical Optics, etc. ought (at least) to be most carefully safe-guarded 


in the teaching of the beginner. The argument that such forms have, in 
fact, proved to be a perfectly satisfactory mode of expression is an argument 
which can without difficulty be met ; but the element of truth in it is precisely 


the subtle cause of danger to the unsophisticated mind. The present writer 


* A very curious instance is to be found in an old number of the Gazette, from the 
pen of a very well-known writer (reviewing a book on Trigonometry in which the 
importance of ratio was emphasised) :—‘‘What is the length of a line? Is it not a 
cody one line to another, the length of the second line being called the unit of 
ength. 
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(if a personal illustration be permissible) has the clearest and most painful 
recollection of the distress of mind with which he learned, and reproduced in 
examinations, some of the standard demonstrations of ‘‘ Modern Geometry ”’, 
wondering all the time what could be the underlying justification of the 
symbolic forms used. And subsequent experience has forced him to the 
conclusion that if others escaped a similar distress of mind it was only because 
of a greater readiness to accept authoritative pronouncements upon subjects 
in which they had not the keenness of interest which was to make of himself 
a “ professional” in mathematical science with a peculiar interest in the 
elements. 

3. The process of Measurement consists in the specification of all the 
quantities of any given kind in terms of one of them, by means of the numbers 
which are their ratios to it. Thus, if the capital letters denote the physical 
quantities in question, and the small letters the numbers— 


and the numbers p, yg, r... are called the “ measures” of the quantities 
P,Q, R... with reference to the quantity U as “unit of measurement”. 
The measure of U itself is the number one (or “ unity”’). 

It should he noted that in the scientific usage there should be no plurality 
in the specification of a quantity in terms of a unit. In ordinary speech we 
say 5} miles, but the scientific equivalent is 5}.ml (with the dot sign for 
“* product ’’ between the number symbol and the unit symbol)—meaning that 
length of which the ratio to mile is the number 5}; there are only two physical 
quantities in question, viz. the length we call mile and this other length, and 
one of these is expressed in terms of the other ; there is no plurality of either ; 
it is irrelevant to associate plurality with number when we pass away from 
the integral numbers to the general numbers of mathematical science— 
from ‘counting’, which is the beggarly clements, to ‘‘ measurement” 
which is the basis of all the applications of mathematics to Physical Science. 
This may at first sight seem a small point, but it is in fact a point of great 
psychological and educational importance. If common practice were altered 
accordingly, the effect on clearness of grasp and understanding of Physical 
facts by the average student would be very striking. 

4. Two quantities of different kinds have neither “ difference” nor ‘‘ sum” 
nor “ratio” ; that is to say, there are no quantities which can be so designated 
with reference to them. This might seem an altogether superfluous and 
unnecessary statement, were it not for the fact that loose writing constantly 
—perhaps more often than not—violates these elementary principles. 
Instances could be cited ad Jib. from current mathematical literature: one 
gem must suftice :—‘‘ The ratio between the velocity of light and the inverted 
square root of the product of the electric and magnetic constants was discovered 
by Clerk Maxwell to be 1.” 

A certain very restricted use of the terms “‘ product’ and ‘ quotient ” in 
this connection can be defined; e.g. two lengths determine a rectangle-area 
which may conveniently be defined as the “ product” of the lengths; and 
a certain volume can be defined as the “ product” of a given length and a 
given area. But it should be noted that two lengths also determine, ¢.g., an 
ellipse-area, which is not called the product ; and there is no physical quantity 
which can properly be called the product of an area and a volume. 

But the quantities of one kind (note the plural, which is here essential) 
may have a relation to the quantities of another kind specifiable in terms 
of ratio, as follows :— 

If there is a specific correspondence between the quantities (or a set of 
quantities) of one kind and the quantities (or an equal number of quantities) 
of another (possibly the same) kind, and if the ratio of any two of the quantities 
of the one kind is equal to the ratio of the two corresponding quantities of 
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the other kind, then the quantities of the one kind are said to be proportional 
—in the specified correspondence—to the quantities of the other kind. 

Similarly, inverse proportion (using the fact that two given quantities of 
one kind have two reciprocal ratios). 

And if two corresponding quantities, of the different kinds, be chosen 
as units of their respective kinds, any other two corresponding quantities 
have (1) the same measure in the case of “‘direct’”’ proportion, (2) reciprocal 
measures in the case of inverse proportion. 

If P, X represent the pairs of corresponding quantities, we denote the 
relationship of direct proportion by 

P«X and Xa P; 
and it is usual to denote the relationship of inverse proportion by 

Peijz, A«.t/P 
but this is a bad notation (at any rate from the point of view of elementary 
teaching) because it encourages the beginner to think that the expression 
1/X has an independent meaning and that, in fact, X and P are simply 
algebraic quantities. The notation 


Px»X and X xP 


would seem to be a suitable one for inverse proportion. (Note particularly 
that in these statements P and X necessarily denote representative, or 
variable, quantities—each “representing” at least two quantities of its kind, 
and generally an infinity of such quantities.) 

5. But, in the standard theory at present under review, it is the extension 
to Compound or Joint Proportion that is specially badly stated. And it is 
this extension that is of special scientific importance, since all the funda- 
mental quantitative propositions of Physical Science are properly expressible 
in terms of compound proportion. 

A relationship of joint proportion is as follows :— 

A representative (or variable) quantity (P) of one kind is said to be jointly 
proportional to representative (or variable) quantities (Q, R, S,...) of several 
other kinds—the proportion being specified as direct or inverse in the several 
— there is such a “‘ correspondence” between the quantities of these kinds 
that 

(1) to every combination of a quantity of the Q kind, a quantity of the R kind, 
etc. there ‘‘ corresponds” a quantity of the P kind 

(2) when R,S,... are kept constant, P has the specified proportional 
variation with Q ; when Q, S,... are kept constant, P has the specified 
proportional variation with R ; etc. 

It is to be understood that the “correspondence” is defined by some 
clear-cut physical relationship, e.g. the relation between volume, length, and 
area of base, of a right solid ; between density, mass, and volume, of a material 
body; etc. —the corresponding quantities in the cases instanced being quantities 
which belong to the same body. 

It is necessary to stress the fact that this and no other is the true definition 
of joint (or compound) proportion. And it is thence easy to prove * that if any 
unit-quantities, of the several kinds, be chosen, the variation all together of 
the set of corresponding quantities P,Q, R, S,... is such that the measure 
of P is simply proportional to a product-and-quotient expression in the 
measures of Q, R, S ... viz. the product of those belonging to the quantities 
for which the proportion is direct, divided by the product of those belonging 
to the quantities for which the proportion is inverse: say, 


0.0...) 


* The preof consists of an obvious slight modification of a paragraph in the stock 
treatment. 
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This last relationship is, of course, purely algebraic, the quantities p, q, r,... 
involved in it being all numbers—the ratios of the physical quantities 
P,Q, R,... to the unit quantities of their respective kinds. (This is the 
kind of point which it is the purpose of this paper to emphasise.) And, 
further, if the units chosen be themselves a set of ‘‘ corresponding ” quantities 
in the joint proportion (i.e. if the unit of the P kind be the quantity which 
‘corresponds ” to arbitrarily chosen units of the other kinds), the algebraic 
expression of the joint proportion takes the form 


Wess) 
[From this result there is derived a notation for joint proportion, viz. 


in which it is to be clearly understood that the right-hand member is noi an 
algebraic expression but merely a very convenient way of expressing a 
relationship of joint proportion ; and the sign of equality means correspondence 
in that proportion. This formulation, which is in fact a somewhat subtle 
refinement, or something very like it, is quite commonly taken (without 
explanation or justification) as the starting-point of the theory of joint 
proportion. 

Exs. The average speed of a finite motion is a quantity proportional directly 
to the length of motion, inversely to the duration of motion. Hence the 
algebraic expression of this relation, viz. v=2/t, implies choice of such a 
unit speed that unit length, unit time and unit speed all belong to one motion ; 
i.e. unit speed is the average speed of a motion of unit length and unit dura- 
tion; whence again such names as ‘‘cm/sec”, “ft/sec” —which are best 
thought of as “words” of six “letters.” 

So, again, for work done (or energy expended) we have a relation of joint 
direct proportion to force and length; hence such units of energy as “‘ ft. lbl” 
(another word ”’ of six letters) and “‘ kilogram. metre”’. 


(To be continued.) 


36. To avoid confusion, it would be desirable to talk of the smallest of 
quantities, when we speak of arithmetical magnitude, and of the least when 
we speak of algebraic order; but the necessity for the distinction seldom 
occurs.—De Morgan, Diff. and Integral Calculus, n.p., 48. 


87. At the age of 92 Mrs. Somerville writes : 

At this time I had the pleasure of a visit from Mr. Pierce, Professor of 
Mathematics and Astronomy, in the Harvard University, U.S.... He kindly 
sent me a beautiful lithographed copy of a very profound memoir in linear 
and associative algebra. Although in writing my popular books I had some- 
what neglected the higher algebra, I have read a great part of the work; but 
as I met with some difficulties I wrote to Mr. Spottiswoode, asking his advice 
as to the books that would be of use, and he sent me Serret’s Cours d’ Algébre 
Supérieure, Salmon’s Higher Algebra, and Tait on Quaternions; so now I 
got exactly what I wanted, and I am very busy for a few hours every morning ; 
delighted to have an occupation so entirely to my mind.—Pers.. Recoll., p. 356. 

[Her daughter adds a few pages later : } 

She always retained her habit of study, and that pursuit, in which she 
had attained such excellence and which was always the most congenial to 
her,—Mathematics—delighted and amused her to the end. Her last occu- 
pations, continued to the actual day of her death, were the revision and 
completion of a treatise, which she had written years before, on the Theory 
of Differences (with diagrams exquisitely drawn), and the study of a book 
on Quaternions. ... (p 376). 
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MATHEMATICAL NOTE. 


537. [V. 7.] Note on Napier’s Logarithms. 


In Note 483 [D. 6. b. d] in the Mathematical Gazette for July, 1916 
(vol. viii. p. 300), Prof. D. M. Y. Sommerville raises the question of the value 
of the logarithm of 1 in Napier’s system. Prof. Sommerville obtains first the 
value 10‘ x log, 107=161 180 956°5 for log1: but his verifying examples give 
161181699, 161181601. Dr. Glaisher (Q./. Math. xlvi.) gives (p. 176) 
nlg 1=161 180 960 and nlg 1=13 815511. Napier, in hisactual Canon, states 
no number between the sine of 1 minute, taken equal to 2909, and sin 0, which 
is zero. His logarithm of 2909 [more accurately 2908°882] is 81 425 681, 
and his logarithm of 0 is ©. Napier constructed his table of logarithms for 
use “in both kindes of ‘l'rigonometrie,as also in all mathematicall calculations.” 
He is especially explicit in Spherical Trigonometry, and throws theorems 
into a form convenient for logarithmic computation. For this reason the 
logarithm of 1 was originally unimportant to Napier. But he indicated the 

ssible values of log 1 in his Short Table given in the Constructio, § 53 (also 
in Prof. Hobson’s lecture on John Napier and the Invention of Logarithms, 
1614: C.U. Press), as follows: ‘‘ Whence all sines in a ratio compounded of 
the ratios two to one, and ten to one, have the difference of their logarithms 
formed from the differences 6 931 469°22 and 23 025 842°34.” Hence (as 
shown in the Short Table) we obtain 


Sines (or numbers] in the proportion { Corresponding difference of logarithms. 
to one 46 051 684°68 
1 000 000 to one 138 155 054-04 
10 000 000 to one 161 180 896°38 


Napier takes the “whole sine” or radius as 10° and log 107=0. Hence his 
value of log 1 would have been 161 180896°38. This differs by about 60 from 
10’. log, 107=161 180956°5. Napier made a small mistake in one of his 
calculations (Math. Gazette, viii. p. 80) which affects the last figures of his 
logarithms. Owing to this error most of Napier’s logarithms are diminished 
by about 3/(8 x 10°) of their proper values. the verifying examples quoted 
above suffer from this inaccuracy ; also the logarithms used are those of 
2908°882 and 2908'882 x 4; not of 2909 and 2909 x 4. 

The number 138 155 054-04 in the Short Table suggests a value given by 
Dr. Glaisher, viz. nlg1=13 815511. The latter is the value of log 1, which 
would result from Wright’s table of Napier’s logarithms. It will be remem- 
bered that Napier in 1614 published in Latin his Mirifici Logarithmorum 
Canonis Descriptio. His logarithms were calculated to a whole sine of 
10000000, and the log of the whole sine was assumed to be 0. His 
logarithms increase from 0 to o as the sines decrease from 10 000 000 to 0. 
Edward Wright (1558-1615) translated the Descriptio into English. This 
was published in 1616. He used, however, the value 1000000 for the 
“whole sine” and put log 1000000=0. The effect of this was to reduce 
all Napier’s values of the sines by one figure. He also reduced the logarithms 
by one figure. According to Oughtred this was done to facilitate interpola- 
tion. For instance, taking, say, the angle 9° 30’, 

in Napier’s table the sine is 1 650 476, its log, 18 015 207 

in Wrights ,, 165048, ,, 1801521 
Thus, using Wright’s logarithms, the angle whose sine is 1 would be the 
angle whose sine is 10 when Napier’s logarithms are taken. Now, 10000000 
has to 10 the ratio 1000000. Hence, by the Short Table, Napier’s log 10 is 
138 155 05404. Then Wright’s log1 would become 13815505. The sines 
above are line-sines, not the present trigonometrical ratios. 

Calculation of log1. An interesting example of the calculation of log 1! 
from Napier’s table, without reference to any other kind of logarithm, is 


‘ 
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afforded by the facsimile page (18) in Prof. Hobson’s lecture on Napier. The 
calculation is based on the principle which was fundamental in Napier’s 
system : viz. that “the logarithmes of Proportionall numbers and quantities 
are equally differing.” As follows: 

The sines in the right-hand column are roughly 6 times those in the left. 

— in the right-hand column are much closer numbers than those in 

the left. 

By dividing 10 000 000 and quotients several times by 6 we obtain 

10 000 000 = 992 2903 x 6° = 992 2903 x 10 077 696. 

Also “992 29 x 1:007 77 = 1-000 000 0933=1 sensibly. 

Take certain numbers and logarithms from the table, viz. : 


Napier’s log 1 644 738=18 050 034 


1633259 18 120067 
+ 9 868 087 132 790 
a 9 868 557 132 313 
” 9 875 514 125 267 
9875971 124804 
Also 1% 10 000 000 0 
Now 1 644 738 x 6=9 868 428. 
“ His logarithme” may be calculated by proportional parts. 
Then log 9 868 428=132 444. 
Also 1 633 259 x 6=9 799 544. 
“ His logarithme” is not within the range of the table. 
But 9 799 554 x 1:00777 =9 875 697. This is within range. 


Then, by proport. parts, log 9 875 697 = 125 082. 
We now use Napier’s principle. 
(i) 1/6=1 644 738/9 868 428 ; 
.. log 1—log 6=log 1 644 738 — log 9 868 428 
= 18 050 034 — 132 444=17 917 590. 
(ii) 1/6=1 633 259/9 799 554 ; 
.. log 1—log 6=log 1 633 259 — log 9 799 554 ; 
.. 17 917 590=18 120 067 — log 9 799 554 ; 
log 9 799 554 =202 477. 
(iii) 1/1:00777 =9 799 554/9 875 697 ; 
*. log 1 —log 100777 =log 9 799 554 — log 9 875 697 
= 202 477 — 125 082=77 395. 


(iv) 69/68=6/1 ; .. log 6°— log 68=log 6 — log 1, 
68/67 =6/1 ; log 6° — log 6’ =log 6 — log 1. 
67/6 =6/1 ; log 6? — log 6=log 6 — log 1. 


.. log 6°—log 6=8(log 6—log 1); 
log 6®=9(log 6 log 1)+log 1 =log 1 — 161 258 310. 
(v) ‘99229/10 000 000 = 1/6? ; 
.". log ‘99 229 — log 10 000 000=log 1 — log 6° ; 
.. log 99 229=161 258 310. 

(vi) ‘99 229/1 =1/1°00777 ; 

log ‘99 229 — log 1 =log 1 — log 1:00777 =77 395. 

.. log 1=161 258 310 —77 395=161 180 915. 
Napier’s number is 161 180 896. These are subject to the inaccuracies of 


the Canon. The number of steps necessary is increased owing to the limited 
range of the table. 
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In the above some logarithms have been calculated by proportional parts. 
This method was not used by Napier, but was introduced by Wright and 
Briggs in the translation of Napier’s Descriptio, published in 1616. (See 
Oughtred’s remark above.) Napier calculated one logarithm from another 
(see Math. Gazette, viii. p. 84) by the limiting expressions, 

(S,- S8)r/S> N log S— N log 8, >(S,-S)r/S,, 
in which S, S$, are sines or numbers sufficiently close to mtke the greater and 
lesser limits equal so far as the number of figures in the logarithms are 
concerned. 

Thus, to calculate N log 9 868 428 from JN log 9 868 557 = 132 313, 

9 868 557 — 9 868 428 = 129, 
(S, — $)r/S=129 x 107/9 868 428 = 130°720 ; 
*. WV log 9 868 428 — V log 9 868 537 =131 ; 
9 868 428 = 132 313+ 131 =132 444, 

Also the lesser limit gives 129 x 10°/9 868 557 =130°718. 

The method of proportional parts may be deduced from Napier’s limiting 
expressions. Suppose §S,, S, S,, in descending order of magnitude, and 
N log 8,, Vlog S, are known; and Vlog S is required. Then 

(S,-8)r/S> Nlog S— 
(S, — S8,)r/S.> log S, N log S, > (8, —S_)7/8, ; 
8, -S 8, N log S—-N log S, -S S, 
Vlog S,— 8, ~ S,—S, 8," 


Now S,/8,=1 —(S,-S,)/S, and S,/S=1/{1 —(S;— S)/S,}; 
.. the lesser limit may be written — S)/(S, — 8)/S,. 


And the greater limit —8)/(S, —S,){1 —(S, —8)/S,}. 
When (S, —S)/S, is small relatively to 1 this becomes 
S,-S _§,-S 8,-S 
A 
.Then, when (S,;—S)/S, is negligible in comparison with (8, —S8)/(S, —S,), 
and taking either limit, 
(V log S— N log log S, — V log S,)=(S, — S)/(S, — S,). 

When calculation has to be done the method of Proportional Parts is 
hardly superior to that of Napier’s limits. Wright (according to Oughtred) 
saw its advantage for purposes of interpolation. And we know that propor- 
tional parts can be tabulated conveniently. Obviously Wright, Briggs, and 
Oughtred were very alert to the importance of practical methods. Also we 
notice that when, as required for logarithmic computation, practically 

(S, —8)r/S=W log S— S,=(S, 
we have (NW log S—N log §,)/(S—S8,)= -r/S= —-7/S,, 
which is well on the way to dlog #/dx«=const/x. 
Technical College, Huddersfield. Witiiam R, Bower. 
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